THE BEHAVIOR AT INFINITY OF CERTAIN
CONVOLUTION TRANSFORMS()

BY
I. I. HIRSCHMAN, JR.

1. Introduction. Let b, { ak}{" be real constants subject to the sole restric-
tion that

(1) 3 ap < o,
k=1

and let
(2) E(s) = e“‘H(l - i) erlax,

1 ag
We define

1 10 st
3) G() = — (— © <t < o).

ds
211 J i E(S)
It may be verified that

0 . 1
4 f G(t)e*tds =
4) J_. O] )
the bilateral Laplace transform converging absolutely in the strip (o1 <o <o)
where

(5) a» = Min ay, a; = Max ay,
a,>0 ;<0

and s=0+1r. The function G(t) and the associated convolution transform
©) 1) = [ 6t = 0datt)

have been studied in [2], [3], and [4](?).

A kernel G(¢) belongs to class II if the constants a, are positive and if
>¢ 1/ar= . If G(t) E class II and if the convolution transform (6) converges
for any one value of x then it converges for all larger values of x. Conse-
quently there exists a number v,, the abscissa of convergence, such that the
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transform (6) converges for x>+, and diverges for x <y..
Our principal result is that if f(x) is the generating function of a convolu-
tion transform with class II kernel G(¢) and determining function «(t), and if

™ f(#) = 0[G(x — p)] (x> + «)

then «(¢) is necessarily constant for £>p, so that

pte

f(®) = G(x — )da(?)

—c0

for every €>0. If (7) holds for arbitrarily large negative p then f(x) =0.
As an example we set

E(s) = [r(1 — 5], G(t) = e~*e’.
If
f(z) = f we""’“e”‘qb(t)dt (%> 7o),
f(2) = Oe=*e=] (x> + =),

then ¢(f) =0 for (p <t < ). After an exponential change of variable this be-
comes a theorem concerning the Laplace transform. If

P = [emat (x> g,
F(x) = 0(e™ ) (x> + =),

©)

then ®(t) =0 for (0 <t<r). A proof of this special case has been given previ-
ously in [1].

A function G(¢) is said to belong to class Ia if there are both positive and
negative ax’s and if Y ;' 1/|as] = . If G(t) € class Ia and if the convolution
transform (6) converges for any one value of x, it converges for all x. With
each kernel G(¢) class Ia we may associate a class II kernel G(¢) defined by the
equations

E(s) = e"’ﬁ(l o :kl )eonou,

1

{00 est

— 1
G(t) = —

= s — o << »),
2w _.'wE(S) ( )

We sh'all also prove that if f(x) is a generating function with kernel G(¢) Eclass
Ia and if

f(x) = O[G(x — p)] (x— + )
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for arbitrarily large negative p, or
f(x) = 0[G(e — #)] (x— — )
for arbitrarily large positive p, then f(x)=0.
As an example of this result we may take

14
E(s) = cos ws, G(t) = sech 3 .

After an exponential change of variables we obtain a theorem concerning the
Stieltjes transform. If

= ()
F(x)=f0+ s 0 < x< ),
and if
F(x) = O(e=") (x> + )
“or if
F(x) = O(e'") (x—0+)

for arbitrarily large r, then F(x)=0.

2. A special case. In this section we shall prove our first theorem under
very special assumptions. The most general case can, however, be reduced to
this one by elementary transformations.

THEOREM 2. If

1. G(t)Eclass 11,
2. ¢()EL (pst= ),
3. h(x)=[7G(x—t)ec'd(t)dt (c <az), where oz is defined as in (5) §1,

4. h(x) =0[G(x—p)] (x = + =),

then
() =0 (p <t < ).

We define

) #6) = [ eseran
P
This bilateral Laplace transform converges absolutely for (c=o< ). We
know that
1 0

2 —_—= G(t)e*tdt,
@ 5 = J_owe

the integral converging absolutely for (— «© <o /ay).
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Since G(t)e—t is positive and bell-shaped, see [3; §10], we have for x suffi-
ciently large and negative

| h(2)| = e”I:Max G(x — t)e“‘(“"] f i | 6(2) | at

pSiS
= 0[G(x — »)] (x> — =).

From this estimation and from assumption 4 it follows that
@3 | h(#) | S 0(G(x — ») (— o << ).

This implies that the bilateral Laplace transform
4) h*(s) = f h(x)e**dx

converges absolutely for (— »© <o <ay).

Since the integrals (1) and (2) have a common strip of absolute con-
vergence (¢ <o <as), the convolution theorem for the bilateral Laplace trans-
form tells us that in this strip

h*(s) =

or

©) ¢*(s) = h*(s)E(s).

Since E(s) is an entire function, equation (5) provides a continuation of ¢*(s)
into the half-plane o <c, so that ¢*(s) is also an entire function.
By a change of variable in equation (1) we obtain

ero-1gH(s) = f et + p)eidL.
0

It is clear that e**¢*(s) is bounded in the half-plane o=c¢. In particular
e”*d*(s) is bounded on the line (¢ =¢, — © <7< ®).
Using inequality (3) we have

| h*(3)| = 0(1) [E(o)er ]! (— o0 <0 <ay)

from which we obtain
E(s)
| ()| = 0(1) ]— (= ® <o<a),
E(o)

It follows that e?*¢*(s) is bounded on the half-line (— © <¢ =<¢,7=0) and that
in the half-plane (— « <c=0, ¢*(s)) is at most of order two minimal type.

We now know that e”*¢*(s) is bounded on the lines (¢=¢, — © <7< )
and (— « <g=¢, 7=0) and is at most of order two minimal type for ¢ <c.
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Applying a familiar form of the Phragmén-Lindelof principle to each of the
two quadrants of this configuration we find that er*¢*(s) is bounded for
o =c and thus in the entire plane. By Liouville’s theorem er*¢*(s), being entire
and bounded, is a constant. Since

emr(c+ i) = [ o+ peival
0

= o(1) (r— £ )

it follows that ¢*(s) =0. This implies that ¢(¢) =0 almost everywhere (p <¢
< ). q.e.d.
3. Two lemmas. We consider here two lemmas necessary to reduce the
general case to the special case which we have just considered. Let

o) 1@ = [ 6w = aaty
have abscissa of convergence v.,. We set

AL(t) = a,e“l‘f e~ “*da(u),
) -

An(t) = amewf e A () du (m=2--,n)

t
where n is chosen so large that s—as is not a zero of
= s
II(1——)erex
nt1 Qg

We further define the auxiliary kernel

(— o <t < o).

1 f"”' exp (s(t — Z;‘a;"))

PR me S | NN R A e

LeMmMA 3a. If f(x) is given by (1) and if A.(t) and H(t) are defined as in (2)
and (3) then

A. 1o = " Hx — DA (> 70,

B. A, () = o(e=?) (t— 4+ »).

The convergence of the integral (1) insures that 4,(¢) is defined, see [3;
§15]. Writing

f(x) = wa(x — da(t) = fQG(x — Penteartda(t)
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and integrating by parts we have

‘[_:G(x — fda(t) = [—- G(x — feut f‘ “e_mda(u)—-\ .,

° 1 d
+f A, (1) [— e ut — ettiG(x — t)] dat.
—c0 ay dt

It is easily verified that for x>7, the integrated term vanishes; see [3; §§16,
20]. Thus

@) f(®) = f_ : {[1 + %] G(; - t)}Al(t)dt (x> v0).

The convergence of the integral (4) insures that Aq(2) is deﬁned, and so forth.
After n such steps we obtain

flx) = f_:{ I:I(l + %)G(x - t)}A,,(t)dt

- f “H(x — a0,

which is conclusion A.

We may establish conclusion B by induction. We know that I(¢)
= f,“’ e~ do(u) converges. If az=a,, conclusion B is obvious for n=1, If
as<ay, then

Ax(t) ale‘"‘{[— e—ow+m1(u)] j+ (s — a1) f‘ °°e—qur(u)alu},

= o(e2) . t— +‘ ).

Suppose now that our result is proved for m—1. We will establish it for m.
If aw =0 it is obvious. If a,> oy, then using our induction assumption we see

that ,
Am = o(e“"" f e"*“e“*"du)
t

= o(e*2?) v (t—+ =).
Conclusion B now follows. o
LemwMA 3b. If
1. G(t)Eclass 11,

2. f(x) =2 oG(x —t)da(t) has abscissa of convergence 7.,
then : -
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P
[ 6 = vaaty = 0l6x - )] (> + ).
If & is any number greater than v, then we know, see [3; §§16, 20], that
there is a positive constant 4 such that
- |a(t)| = dexe-o (—w <t=p),
where x(t) = —log G(¢). Integrating by parts we find that for x> &

pr(x — t)da(t) = fp X' (x — e x=Na(t)dt + O[G(x — p)].

For x sufficiently large x'(x —¢) is of constant (positive) sign in (— « <t<p)
therefore

[ - P :
f X (x — t)e'x(""a(t)dt' <4 f X' (% — f)exa=0+xG=0y,
—0 . —w

Integrating by parts again,

P
f x'(x —_ t)e—x(z-t)+x(3—-¢)
—w

= [e—-x(z—tnx(c—t)]p + f ’ X' (5 — t)exG—Dx=0gy,
Now
[exemomaa]” = 6ta = /66 = o)
Further if (6>68>%,), then

,
f X' (8 — e x=—0+x(6=0)gy
—o0

4
= f X' (8 — £)ex(=—x(8=0gx(=-x(==0) g}

—0

A

ex(s—t)=x(—-t)qs

sup_[6(= — /66 =] [ lx'(8 — 9
—w<isp —00

It may be verified that for x sufficiently large,
sup_[G(x = /66 — ] = Gz — p)/G(6 — p),

—w<tSp

see [3; §20]. Thus
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I.

Combining our results we have as desired,

X' (¢ — ) |ex-0-xt=0ds = 0[G(x — p)]  (x— + ).

6= aaty = 0l6(s - )] (5= + w).

4. The general case, G(¢) Eclass II.

THEOREM 4. If
1. G(t)Eclass 11,
2. f(x) =/, G(x—t)da(t) has abscissa of convergence 7.,
3. f(x)=0[G(x—p)] (x—+ =),
then a(t) is constant for p <t< .

By conclusion A of Lemma 3a we have
f(x) =f H(x — t)A.(t)dt

where H and A4, are defined in §3. It is known [3; §§20, 21] that if ¢>0
lim G(x — p)/H(x — p —¢) = 0.

PR

Thus

(1) J(x) = O[H(z — p — ¢)] (x— + «).
By Lemma 3b and equation (1)

f H(x — )A.(t)dt = O[H(x — p — ¢)] (x> + »).
pte
If we choose ¢ (a;<c<Mings, ax), then by conclusion B of Lemma 3a

f H(x — )A.(t)dt = f H(x — t)ect[e—t4,(t)]dt,

pte pte

where e—*4,(t)EL(p+e¢, «). We may apply Theorem 2 to conclude that

A,(t)=0 (p+e<t< ). Since ¢ is arbitrary 4,(!) =0 (p<t< ). Using the

definition of A4,(¢) it is easily seen that a(f) is constant for (p <t< »). q.e.d.
5. G(t) Eclass Ia. In order to illustrate the essential point of the argument

which follows let us consider a very special case. Let G(¢) Eclass Ia and let

(1) 1) = [ 6t - netya

where ¢(t) EL2(— », »). We shall show that if
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for arbitrarily large negative p then f(x)
formation

CERTAIN CONVOLUT

f(x) = 0@G(x — p))

ION TRANSFORMS 9

(x =+ =)

=0. Let { denote the Fourier trans-

S = ) Tnp(u)e““du
M= T ’
and let §; ' denote its inverse
—1 1 (2 T itu
Fe v = PRI lTLq: _Tw(u)e tudy,
We assert that
©_ —1 E(—m)
3) 1) = [ 8 = o[ 8 (g B0
o E(—1iu)

From equation (1) we see that the Fourier transform of f(x) satisfies the equa-
tion §uf =E(—1u)F.p. Computing the Fourier transform of the right-hand
side of equation (3) we obtain

[E( —iu)

E(—iu)
The validity of equation (3) follows. By equations (2) and (3) and Theorem 4
f(x)=0, which is what we wished to show. The transformation

[E(_ i) %w]

E(—iu)
is a Watson transformation. Our procedure in the general case is an adapta-
tion of this argument.

LeMMmA 5a. If
1. G(t)Eclass Ia,
2, Iﬂl|, IBzI <Mm [—al, a2],
3. #(t) =0(e*") (t—+ o) =0(e’) (t—— ),
4. f(x)=J2.G(x—D()dt,
5. f(x) =0[G(x—p)] as x—+ « for arbitrarily large negative p,
then f(x)=0.

-1

E(—iu)FuFe

%u‘b] = E(—iu)%u¢ = %uf‘

—1

o(t) — &

Choose any constant ¢, ¢ = 2o,. We define

F(s) = exp {[b + (| all + c)‘1'+ (| dzl + c)“l]s}

S
(1 —_— )ea/(lan|+c),
l a,.l +c

-]

11

n=3

¢y
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1 i o8t

(2) K@) = E‘; W F ) ds (— o <t < o),
1 “ F(s)

3) J@) = — e*tds (— o <t < ),

271 J _i E(s)

The function K(¢) is a class II kernel. Let 7>0 be so small that oy +7 <8
and a;—1>:. By [3; §9]

@ K(t) = O[eter1] (t— — =)
= O[e*] (t—+ )
for every positive K. Further,
ol 1
5 f #K()dt = ——
() - ® o)

the bilateral Laplace transform converging absolutely for (— » <o <ap).
For ¢ chosen as above and for any ¢ (oy <o <ey), it may be verified that

o+ ir o+ ir
| an| + ¢ a

-1

1

decreases as Irl increases. Let oy <01 =0 =02<a; be any proper subinterval
of (a1 <o <az), and let

M = Max |F(e)/E(0)|.

nSoSa
We have o '
|£(s_) < .(1_,8_)(1__3.) —1M (61 S 0 = 02).
E(s) o a2 ' ,
It follows that
F(s) 1 : .
© -G oo

uniformly in ¢ for ¢ in any proper subinterval of (o <o <as). Because of this
order relation we may deform the line of integration of the integral (3) to
o=az—n or to o =a;+1. We obtain
1 ag—qt+io F(s
J() = — )
2w ag—n—ic E(S)
1 fa1+r+ieo F(s)

25 ayiaiv Efs)
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and these together with equation (6) imply that
J() = 0eterY) )

(7 = O(eartni) (t—> + »).

Further, a simple application of a theorem of Hamburger, see [6; pp. 265—
266 Jshows that

® —at —_F(_s)
(8) f_ TOed= 7

the integral converging absolutely for (o1 <o <aw).
From equations (5) and (8) and the convolution theorem for the bilateral
Laplace transform we have

9) faK(x — 8)J(8)dt = G(x) (= o <2< ),
Consequently we may write
(10) f(x) = wa(x — De(t)dt = fﬁ.”qﬁ(t)dtfaK(x — w)J(u — t)du.

Because of the order conditions (4) and (7) and assumption 3 we may invert
the order of integration to obtain

11 f(x) = fwK(x,— u)@(u)dz{,
where
2 = [ 7 = e

Consider the class II kernel L(¢),

1 0 est
L) = — : _
® Zrif—ew & [I7(1 — s/(] ar| + o))er/dasi+o ds (= o <t< ),

It may be shown, see [3; §20], that

a0 = [ I(1+ e )] (- £ P 5)

Assumption 5 thus implies that f(x) =O[L(x—p)] (x—+ =) for arbitrarily
large negative p. It follows from [3; §§20, 21] that if ¢>0 then

lim K(¢)/L(t + ¢) = .
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Hence
(12) f(x) = O[K(x — p)] (x> + )

for arbitrarily large negative p. Equations (11) and (12) and Theorem 4 imply
that

f(x) =0,
which is what we wished to prove.

THEOREM 5b. If

1. G(t)Eclass la,

2. f(x) =f°.°iG(x—t)da(t),

3. f(x) =0[G(x—p)] (x—~+ ») for arbitrarily large negative p where G is
defined as in §1,
then

f@) = 0.
Choose n so large that s —a; and s —a; are no longer zeros of

(1 - <)o

ntl ap

and so large that if as3=Min ]akl, k=n+1, n+2, - - -, then a3>Max
[—al, 0[2]. Let

P .. 1€ (D DO D
2rid _iw e ] [nia(1 — s/ar)es/ox

“  exp (slt— Xiai' )

P S.
2m8J i e [Inia(1 = s/ | ai| Yer!1orl

H() =

Further we set

A(t) = arer? f e 1%da(u) (G a1 >0)
t
t
= a,et f e~ 1vdo(u) (if a1 <0),
An(t) = ane*nt f e 4, 1 (u)du Gf an>0)
¢
t
= Qpetnt f e 44, 1(u)du (if aem <0),

for m=2, -+ -, n. Just as in Lemma 3 we may show that
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1@ = [ HG - pa0a

and that
Aal) = o(es?) >+ =)
= o(ex?) t— — ).
By our choice of n
H(t) = O(es!*l) (t—>+ =)

where a3>Max [—ay, az]. It may be shown, see [3; §§20, 21] that if €>0
then
lim G(¢)/ H(t — ¢) = 0.

x—»+eo
Hence assumption 3 implies that
f(x) = O(H(x — p)) (x> + =)

for arbitrarily large negative p. We may now apply Lemma 5a to conclude
that f(x) =0.
Similarly we may prove

THEOREM S5c. If
1. G(t)Eclass 1a,
2. flx)=J20 Glx—2)da(t),
3. f(x) =G(p—x) (x— — =) for arbitrarily large positive p,
then
flx) = 0.

6. Class III kernels. A kernel G(¢) is said to belong to class III if the
corresponding product E(s) has only positive zeros and if Y ; a;'< ®. The
following result may be proved exactly as Theorem 4 was proved. The
analogue of Theorem 2 which is needed here reduces to a special case of a well
known result, see [5; pp. 322-327].

THEOREM 6. If
1. G(t)Eclass 111,
2. f(x) =% .G(x—t)da(t)is defined for x>T+b+ > v a;’,
3. f(x)=0 (x>p+b+ 27 a;', p2T),
then a(t) is constant for (p<t< ).
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